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 Understanding and identifying various sources of water pollution and the processes 

affecting them are essential for achieving a comprehensive description of the quality 

of essential water resources. To this end, implementing a suitable network for 

monitoring water quality is crucial. Therefore, this study aims to examine the 

effectiveness of the Positive Matrix Factorization (PMF) model compared to 

multivariate statistical techniques. Additionally, the combined application of the 

PMF model with these methods in determining the contribution and management of 

heavy metal pollutants in aquatic sediments is investigated. Multivariate statistical 

analysis methods have proven effective in preparing and interpreting data on the 

quality of aquatic environments and determining the information available in them. 

However, they have some limitations. Thus, in this research, the application of 

Positive Matrix Factorization for sediment quality data, especially concerning heavy 

metals, is compared with multivariate statistical methods. The study also evaluates 

the status and extent of using this model in various environmental studies worldwide 

in recent years. Positive Matrix Factorization allows considering uncertain data and 

provides a positive constraint, leading to an environmentally interpretable result. 

The results of examining the applications of the PMF model in determining the 

contribution of various pollutants, including heavy metals, in different 

environmental sectors over the past two decades, indicate a significant increase in 

its usage in recent years compared to the past. Recent study results suggest that while 

Positive Matrix Factorization leads to a stronger understanding of the sources of 

pollution in the studied system compared to multivariate statistical methods, the 

combined application of the PMF model with other multivariate statistical methods 

for determining pollutant sources results in a more accurate and comprehensive 

analysis of pollutants, including heavy metals. 
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1. INTRODUCTION 

Aquatic ecosystems are the ultimate receptors of all pollutants, including heavy metals. Heavy metal pollution in 

aquatic environments is a growing global problem and has reached alarming levels [1]. Due to their high toxicity, 

stability, bioaccumulation potential, and transfer to the food chain, heavy metal pollution has become a fundamental 

issue in these systems [2]. Many studies have focused on sediments in aquatic and coastal areas as they act as 

important reservoirs for various toxic pollutants, including heavy metals discharged into aquatic environments [3-

7]. Indeed, sediments can act as a reservoir of toxic compounds that continuously threaten the health and survival 

of aquatic organisms, potentially serving as a starting point for pollutant entry into the aquatic food web [8-9]. The 

quality of water resources, especially concerning heavy metals, can be influenced by various factors and processes, 

including human activities and natural phenomena. Understanding and identifying various sources of water pollution 

and the processes affecting them are essential for achieving a comprehensive description of the quality of essential 

water resources. To this end, implementing a suitable network for monitoring water quality and identifying potential 

sources of heavy metals in sediments is a fundamental requirement to prevent further pollution of aquatic 

environments [10-11]. 

However, the generated databases are large and complex, requiring powerful analytical tools for their analysis. 

Multivariate statistical techniques are widely used to assess temporal and spatial variations and interpret complex 

data from water resources [12-18]. Multivariate statistical analysis methods are an approach to reduce the 

dimensions of data, providing a simplified representation of the most important factors. These methods are generally 

used to determine the structure of data and provide qualitative information about potential pollution sources. 

However, they alone cannot quantitatively determine the contribution of identified pollution sources for each 

variable. Receiver-based models can be used for this purpose. 

Receiver-based models, as a type of source identification model, have been used to identify various pollution 

sources and calculate their contribution or role in sediment pollution [19]. These models can effectively reduce the 

dimensions of grouped data and variables based on their common characteristics [10, 20]. One of the receiver model 

methods is Positive Matrix Factorization (PMF), which has been used to determine the quantitative contribution of 

different pollutant sources in surface sediment in aquatic environments [21-24]. As an advanced source 

apportionment model, PMF is used to determine the quantitative contribution of pollutant sources and has provided 

useful information in many studies [25-26]. Since obtaining quantitative information about the contribution of 

various sources for each heavy metal is a prerequisite for formulating effective strategies to control the release of 

trace elements [19, 25, 27], this study aims to investigate the effectiveness of one of the widely used receiver models, 

Positive Matrix Factorization (PMF), and the combination of this model with multivariate statistical methods and 

spatial statistics in determining the contribution of heavy metal pollutant sources in sediments of aquatic 

environments, compared to the application of some common multivariate statistical methods alone. 

 

2. LITERATURE REVIEW 

Various methods such as Spatial Deviation (SD), Correlation Analysis (CA), Enrichment Factor (EF), Principal 

Component Analysis (PCA), Hierarchical Cluster Analysis (HCA), Factor Analysis (FA), and Geographic 

Information System (GIS) have been used to find heavy metal sources in the environment. These approaches can 

quickly identify the common features of new components through classification or dimensionality reduction. 

However, accurate tracking and calculation of the contribution of various sources using these methods are not 

obtained. Positive Matrix Factorization (PMF) recommended by the EPA is an ideal receptor model for identifying 

and determining sources. It decomposes the primary dataset into a factor matrix and a profile group to calculate the 

contribution and distribution of sources. The practical application of combining the PMF model with other 

multivariate statistical methods and GIS can be an effective tool for identifying pollutant sources. However, few 

quantitative studies compare and combine different source identification approaches in polluted areas. In this 

section, some studies conducted in this field are mentioned: 

Huang et al. (2018) conducted a study to assess pollution and identify the sources of heavy metals in the sediments 

of the Nantong River in eastern China. In this research, four potential main sources of heavy metals were identified 

using Principal Component Analysis (PCA) and Cluster Analysis (CA) methods [28]. 
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Zhang et al. (2018) conducted a study to identify the sources of arsenic and heavy metals in agricultural soils around 

the industrial city of Hunan, located in the northern Yangtze River in China. They utilized the PMF model, PCA, 

and GIS. The results of this study also indicated that a combination of Positive Matrix Factorization (PMF) with 

multivariate statistical models and spatial statistics is highly effective in determining and allocating the contribution 

of heavy metal sources [29]. 

Dong et al. (2019) evaluated and identified the sources of heavy metals in agricultural soils in the Baiyin region of 

northwestern China. The identification and determination of heavy metal sources in this study were performed using 

various methods, including Spatial Deviation (SD), Cluster Analysis (CA), Enrichment Factor (EF), Principal 

Component Analysis (PCA), Geographic Information System (GIS), and Positive Matrix Factorization (PMF). The 

results showed that the combined applications of GIS, PCA, and PMF for determining heavy metal sources are 

accurate, practical, and effective [30]. 

Boroumandi et al. (2019) also assessed soil pollution sources using a combination of multivariate statistical 

methods (PMF, PCA, and CA) and spatial statistics in the Zanjan watershed in Iran [31]. Their study results indicated 

that the PMF method provided more acceptable results compared to other common multivariate statistical methods. 

Zhang et al. (2020) investigated and determined the sources of heavy metal pollution in the rhizosphere soil of 

irrigated farms by the Yellow River in China, using the PMF model along with multiple statistical methods 

(Coefficient of Variation (CV), Correlation Analysis (CA), Enrichment Factor (EF), and Principal Component 

Analysis (PCA)) [32]. The results of this study also demonstrated that the combination of common methods with 

the PMF model leads to more accurate and comprehensive results in identifying pollutant sources. 

3. MATERIALS AND METHODS 

In this section, some common multivariate statistical techniques used for determining the sources of pollutant 

emissions, including heavy metals, and the Positive Matrix Factorization (PMF) model, are discussed. 

 

3.1. Multivariate Statistical Techniques 

Multivariate statistical methods, including Principal Component Analysis (PCA), Factor Analysis (FA), and 

Hierarchical Cluster Analysis (HCA), are significantly employed for identifying the sources and evaluating the 

status of heavy metal pollution in aquatic sediments [33]. 

3.1.1. Principal Component Analysis (PCA) 

Principal Component Analysis is a mathematical tool that utilizes orthogonal transformations to convert a set of 

potentially correlated variables, called principal components (PCs). The primary idea of PCA is to reduce the 

dimensionality of a dataset consisting of numerous variables while retaining the essential information to a minimum 

loss [34]. The principal component (PC) can be expressed as follows: 

 

𝑍𝑖𝑗 = 𝛼𝑖1𝑋1𝑗 + 𝛼𝑖2𝑋2𝑗 + 𝛼𝑖3𝑋3𝑗 + ⋯ + 𝛼𝑖𝑚𝑋𝑚𝑗                                                                  (1 )  
 

Where Z is the score of the factors, α is the factor loading, X is the measured value of the variable, i is the number 

of factors, j is the number of samples, and m is the total number of variables. In PCA, PCs with eigenvalues greater 

than 1 are generally considered and contain the most diversity in the original dataset. Since principal loads may not 

be easily interpretable and are usually rotated until a "simple structure" is achieved, it means that each variable has 

very high factor loads (close to 1) in one of the PCs and very low factor loads (close to zero) in the other PCs. 

 

3.1.2. Factor Analysis (FA) 
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Factor Analysis is a multivariate statistical analysis aiming to find relationships between parameters by reducing 

the number of measured parameters to a limited number of factors that can explain most of the data variance without 

additional information and noise in the data [35]. This process, known as FA, follows PCA, and the newly 

constructed variables are also referred to as Vareimax (VFs). FA can be expressed as follows: 

 
𝑍𝑖𝑗 = 𝛼𝑓1𝑓1𝑖 + 𝛼𝑓2𝑓2𝑖 + 𝛼𝑓3𝑓3𝑖 + ⋯ + 𝛼𝑓𝑚𝑓𝑚𝑖 + 𝑒𝑓𝑖                                                     (2 )  

 
Where Z is the factor score, α is the factor loading, ƒ is the factor score, e is the error or other source of variation, 

i is the number of samples, and m is the number of variables. The KMO test and Bartlett's test are used when the 

sample k from the population has equal variance. The KMO statistic ranges between 0 and 1, and Kaiser (1974) 

recommends values above 0.5 as acceptable. Additionally, values between 0.5 and 0.7 are mediocre, values between 

0.7 and 0.8 are good, values between 0.8 and 0.9 are excellent, and values above 0.9 are outstanding [37-36]. The 

SPSS software is used for conducting FA, and correlation matrices are used for factor analysis [38]. 

 

3.1.3. Hierarchical Cluster Analysis (HCA) 

 

HCA is another multivariate statistical technique that classifies elements based on similar features [40-39]. 

Essentially, HCA is based on hierarchical grouping that starts with the most similar traits and gradually develops 

higher-level groups. The process of forming and merging groups is repeated until a single group containing all 

samples is obtained. The result can be displayed as a dendrogram, providing a graphical summary of the clustering 

process. HCA uses the Ward method with Euclidean distance as the similarity measure [41]. 

 

3.2. Positive Matrix Factorization (PMF) Model 

 

Positive Matrix Factorization (PMF) [42] is also a multivariate receptor model designed specifically for 

identifying and apportioning source contributions, particularly for addressing environmental data and managing 

their uncertainty and distribution. PMF is suitable for environmental data as it considers uncertainties in the analysis 

often associated with environmental sample measurements and ensures that all values in the profiles and source 

contributions are positive, leading to a more realistic representation of a system compared to other multivariate 

methods such as PCA [43]. Two input files are entered into the PMF model: one file containing the concentrations 

of pollutants under investigation and another file containing uncertainty values. The quantitative determination of 

heavy metal sources using the PMF model is calculated according to the following equations: 
 

X=GF+E                                                                                                      (3) 

where X (m×n) is the data matrix containing measurements of m factors in n samples, G (m×p) is the factor or source 

profile matrix, F (p×n) is the factor score or source contribution matrix, and E (m×n) is an error matrix. 

𝑋𝑖𝑗 = ∫ 𝑔𝑖𝑘
𝑝

𝑘=1
𝑓𝑘𝑗 + 𝑒𝑖𝑗                                                                                                (4 )  

 
where Xij is the concentration of species j in sample i (mg/kg)-1, gik is the contribution of source k (mg/kg)-1, fkj is 

the amount of species j from source k, eij is the error value, and p is the number of source factors. 

The uncertainty data file can be based on both observations and equations. The uncertainty file is calculated based 

on equations for specific parameters for each sample through equations provided by the EPA [43]. Uncertainty is 

calculated based on the method detection limit (MDL) constraint, and the percentage error is determined by standard 

reference materials. If the measured concentration is less than the MDL for that particular species, uncertainty data 

is calculated as follows: 

 

Unc=
5

6
  × MDL                                                                                                                   )5( 
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and if the concentration is greater than the provided MDL, the calculation is based on a fraction of the 

concentration and MDL: 

Unc = √(error fraction × C)2 + (0.5 × MDL)2                                      )6( 
 

4. RESULTS AND DISCUSSION 

4.1. Application of Multivariate Statistical Techniques and PMF Model in Identifying the Sources of 

Pollutants, Including Heavy Metals, in the Environment 

Multivariate statistical techniques, including Factor Analysis (FA), Principal Component Analysis (PCA), and 

Hierarchical Cluster Analysis (HCA), are used for the analysis of complex multidimensional water quality datasets. 

These techniques aid in identifying pollution sources in surface waters and enhance understanding of the ecological 

status and water quality of the studied systems [45-50]. Multivariate statistical methods are employed to assess 

spatiotemporal patterns related to human and natural factors [51-52]. Factor Analysis (FA) and Principal Component 

Analysis (PCA) are widely used for determining the contribution and distribution of water quality sources in surface 

waters [52-54]. 

However, allocating the share of water quality sources based on water quality data matrices from monitoring 

stations using the PMF model is quite rare. This is while PMF is a novel technique that has brought some advantages 

over other multivariate techniques such as FA, PCA, and HCA, including the inclusion and calculation of 

uncertainty. For this reason, PMF has demonstrated superiority in many environmental applications compared to 

other multivariate statistical methods. 

As environmental data matrices typically have data points below the detection limit and missing values [55], 

estimating uncertainty in PMF modeling allows for better correction of values below the detection limit and missing 

values [56]. Therefore, employing and estimating uncertainty values in the PMF model leads to effective utilization 

of this model in various environmental systems to determine the contribution of different pollutant sources. Figure 

1 provides a general schematic of the applications of the PMF model in determining the contribution of sources such 

as aerosol particles, volatile organic compounds (VOCs), heavy metals (HMs), aromatic hydrocarbons (PAHs), and 

other pollutants in three different environmental compartments: air, water, and soil. 

 

 
 

Fig. 1. General Schematic of the Application of the PMF Model in the Environment 

The successful applications of PMF are primarily reported in studies related to the allocation of suspended particle 

sources in the environment, with numerous investigations available in this field [57-58]. Additionally, Henry and 

Christensen (2010) introduced the use of the PMF model in aquatic environments to reduce uncertainty weight 

existing in datasets, aiming for more reasonable results. In addition to air pollution studies, the application of this 
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technique has expanded to sediments and aquatic environments to identify the contribution of various sources to the 

settling of moist pollutants such as TOC, NH4-N, NO3-N, Mg, K, and Ca as source tracers [59]. Moreover, the use 

of this model for the allocation of various other pollutant sources in aquatic environments, such as TP, NH3, BOD, 

PAHs, PCBs, and HMs, has recently extended [60-61]. 

Over the past two decades, PMF has been widely used in studies related to air pollution. Particularly, PMF has 

been extensively applied to examine the distribution of suspended particles in the air in several countries [62-67]. 

Only in recent years, some researchers have employed PMF in datasets related to various environmental areas, 

including sediment in aquatic environments, to achieve a more realistic understanding of the effective sources in 

these systems and the better efficiency of this model compared to other multivariate statistical methods. Recent 

studies on determining pollutant sources in sediment in aquatic environments using the PMF model include: 

• Comero et al. (2011) identified four interpretable factors related to the mineralogical/chemical 

characteristics of lake sediments in the Alpine lakes dataset in Italy using the PMF model. 

• Pekey and Dogan (2013) investigated the application of Positive Matrix Factorization (PMF) in assessing 

the distribution of heavy metal sources in the sediments of the western Gulf of İzmit in Turkey, comparing 

it with a previous factor analysis. 

• González-Macías et al. (2014) used Positive Matrix Factorization (PMF) to examine and identify the 

contribution of heavy metal sources in coastal sediments of the Pacific Ocean in Mexico. 

• Li et al. (2015) utilized the Positive Matrix Factorization model to determine the contribution of various 

sources to the surface water quality of the Daliao River watershed in northeastern China. 

• Haji Gholizadeh et al. (2016) used APCS-MLR and PMF receptor models to determine pollution sources 

in three rivers in southern Florida. 

• Zanotti et al. (2019) conducted a study comparing the effectiveness of the PMF model in identifying 

characteristics and allocating pollutant sources in surface and groundwater of the Oglio River watershed 

with the multivariate statistical method Hierarchical Cluster Analysis (HCA). 

• Jiang et al. (2019) used a combined method of hierarchical cluster analysis (HCA) and Positive Matrix 

Factorization (PMF) to identify non-point sources (NPs) for the Huaihe River basin in China. 

• Salim et al. (2019) employed PCA-MLR and PMF receptor models to identify and allocate pollution 

sources in watersheds and sub-watersheds in South Korea. 

Despite the use of the PMF model in studies related to pollutants such as heavy metals in aquatic environments, 

its overall application in determining pollutant sources in aquatic systems is much less compared to atmospheric 

pollutants. In this regard, the lower adoption of the PMF model in water research, compared to its use in air pollution 

studies, is attributed to the less suitability of water quality data to meet the requirements of this method. Some 

limitations that can potentially restrict the successful application of PMF include (1) PMF requires data reported as 

concentrations, while some common water measurements have different units (e.g., pH, electrical conductivity, 

redox potential, isotope analysis), making them incompatible directly in a PMF model; (2) an adequate monitoring 

network, especially for capturing system variables and pollution sources, is crucial for obtaining a comprehensive 

representation of the targeted system with PMF analysis; and (3) in cases where a single source exists, multivariate 

statistical analysis like PMF may not be suitable [72]. Despite these limitations, the potential benefits of PMF (such 

as including analytical uncertainties and positive constraints) can be useful when examining water sources and water 

quality datasets to derive meaningful water quality characteristics. 

According to a meta-analysis conducted by Sun et al. (2020) on the use of the PMF model in determining the 

contribution of various pollutant sources, including heavy metals, in different environmental compartments during 

the past two centuries (2002-2018) globally, their study results indicate an increasing use of this model in recent 

years compared to the past. Based on the graph presented in Figure (2), no studies on the use of the PMF model in 

determining the contribution of heavy metal sources in the environment were conducted or reported before 2008. 

However, a significant increase in the frequency of using this model for heavy metals in various studies, especially 

in 2018, is clearly observable. This finding, considering the advantages of using this model compared to other 

multivariate statistical techniques, is promising for gaining a stronger understanding of various pollutant sources, 

especially heavy metals in the studied systems, over the past few years. 
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Fig. 2. Frequency of PMF Model Usage in Recent Years for Heavy Metals in Various Studies (Sun et al., 2020) 

 
Additionally, in this study [75], a comparison of the percentage of PMF model usage for determining the 

contribution of pollutants such as PAHs, HMs, and VOCs across different continents worldwide from 2002 to 2018 

has been presented. The results show that the highest percentage of PMF model usage for all mentioned pollutants 

was in Asia, followed by Africa and Europe, compared to other continents (Figure 3). In Asia, the highest percentage 

of PMF model usage was for determining the contribution of heavy metal sources, followed by aromatic 

hydrocarbons and to a lesser extent fugitive organic compounds. In Europe, there was almost uniform usage of this 

model in determining the contribution of sources for these pollutants. However, in Africa, in contrast to Asia, the 

highest percentage of PMF model usage was for determining the contribution of fugitive organic compounds, with 

the lowest percentage for determining the contribution of heavy metal sources. Therefore, based on these results, it 

can be inferred that the highest percentage of PMF model usage has been in Asia, where the application of this 

model has been more focused on determining the contribution of heavy metal sources compared to other pollutants . 

 

Fig. 3. Percentage of PMF Model Usage for Determining the Contribution of PAHs, HMs, and VOCs Globally from 

2002 to 2018 (Sun et al., 2020) 
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4.2. Using a Combined Approach of PMF Model with Other Multivariate Statistical Methods and GIS 

Recent studies have shown that the practical combination of the PMF model with other multivariate statistical 

methods and GIS can serve as an effective tool for identifying pollutant sources [29, 30, 32]. The reason behind this 

is that each of these methods has its limitations, and by combining them, more accurate and comprehensive results 

can be obtained in the field of identifying pollutant sources. For example, multivariate statistical methods such as 

PCA, FA, or CA are commonly used to approximate pollutants like heavy metals, and spatial analysis through GIS 

visually reflects the local situation, confirming whether PCA results are reasonable or not. On the other hand, the 

PMF model is used for a more in-depth analysis of the types of pollutant sources and their quantitative contributions 

based on previous results. Although the PMF method can qualitatively identify various pollutant sources and provide 

their quantitative contributions, when used alone, the qualitative analysis of pollutant sources relies on summarizing 

and screening previous data, which may lead to mental biases in interpreting PMF analysis results. 

However, if PMF analysis is combined with other pollution assessment methods (Coefficient of Variation (CV), 

Correlation Analysis (CA), Enrichment Factor (EF), Factor Analysis (FA), Principal Component Analysis (PCA), 

and even Geographic Information System (GIS)), the limitations of PMF model analysis can be mitigated [30]. 

Therefore, it can be concluded that the application of each of these methods individually does not lead to a 

comprehensive and systematic analysis of pollutant sources, including heavy metals. However, if conventional 

methods are combined with the PMF model for determining pollutant sources, the results will be more accurate and 

comprehensive. In conclusion, the combination of these methods is highly suitable for the analysis of pollutant 

sources. 

5. CONCLUSION 

Based on this study, it can be acknowledged that despite the increased application of the PMF model in 

environmental studies in recent years compared to the past, and the superiority of PMF in many environmental 

applications over multivariate statistical methods, the practical applications of the PMF model for determining the 

sources of pollutants in surface water from water quality monitoring networks are limited. On the other hand, the 

conventional applications of FA and PCA for identifying water pollution sources have been widely reported. 

However, considering that the existence of data below the detection limit (BDL) and some missing data points in 

environmental datasets is common, and also due to the PMF model's ability to handle weighted data points 

effectively, controlling BDL values and missing data, its use leads to a stronger understanding of the studied system 

compared to the application of multivariate statistical methods alone. In other words, positive matrix factorization 

(PMF) analysis can be a useful method for determining environmental characteristics and quality, providing a deeper 

understanding of the dominating phenomena in the environment. However, as mentioned, when this method is used 

alone, the qualitative analysis of pollution sources relies solely on summarizing and screening previous data, shaping 

the mental image of PMF analysis results. Nevertheless, if PMF analysis is combined with other multivariate 

statistical methods, the limitations of the PMF model can be mitigated. Therefore, it can be concluded that the 

combined application of the PMF model with other multivariate statistical methods for identifying pollution sources, 

including heavy metals, results in a comprehensive and systematic analysis of pollution sources, leading to more 

accurate and comprehensive outcomes. 
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